Abstract. The residual cavity-pulling effect limits further narrowing of linewidth in dualwavelength (DW) good-bad-cavity active optical clocks (AOCs). In this paper, we for the first time experimentally realize the cavity-length stabilization of the 1064/1470 nm DW-AOCs by utilizing the phase locking technique of two independent 1064 nm good-cavity lasers. The frequency tracking accuracy between the two main-cavities of DW-AOCs is better than 3 × 10 −16 at 1 s, and can reach 1 × 10 −17 at 1000 s. Each 1470 nm bad-cavity laser achieves a most probable linewidth of 53 Hz, which is about a quarter of that without phase locking. The influence of the asynchronous cavity-lengths variation between two DW laser systems is suppressed.
Introduction
Optical clocks [1] [2] [3] [4] [5] [6] [7] [8] , whose frequencies are about five orders of magnitude larger than the microwave atomic clocks, have potential better stability and accuracy than that of the cesium (Cs) fountain microwave clocks used to define the second [9] [10] [11] [12] . Thus they attract a lot of interest in precision measurements [13] .
Most optical clocks are based on the passive mode of operation, and the extremely coherent sources is necessary in the advanced optical clocks for interrogating ultranarrow atomic transitions with linewidths of a few mHz. Therefore, the heart of the passive optical clocks is the local oscillator stabilized to a high-finesse optical reference cavity [14] . Tremendous progress has been achieved in the filed of passive optical clocks recent years, and current state of the art neutral atom optical lattice clocks [1] [2] [3] [4] [5] and single-ion optical clocks [6] [7] [8] have achieved the frequency stabilities of 10 −18 even 10 −19 by adopting the ultrastable optical cavities running in the room temperature. However, the improvements of the instability of passive optical clocks now are limited by the Brownian thermomechanical noise of the reference cavity. To further reduce the thermal noise of the reference cavity and improve the instability of the interrogation lasers, the reference cavity is usually cooled down to a low temperature [14] [15] [16] , which will inevitably increase the complexity of realizing the frequency standards with ultra-narrow linewidth.
As the counterpart, the active optical clocks (AOCs), with the superiorities of weaker cavity-pulling effect and narrower quantum-noise-limited linewidth in bad-cavity regime, were proposed [17] [18] [19] . Unlike the traditional passive optical clocks, the AOC works in the bad-cavity regime with the linewidth of cavity mode Γ cavity being much wider than that of the laser gain Γ gain . Therefore, the laser frequency of the AOC will not follow the fluctuations of the cavity length exactly, but in a form of the suppressed cavity-pulling effect, and the extent of the suppression equals the bad-cavity coefficient a, where a = Γ cavity Γ gain . Since it was proposed, various types of active atomic systems have been investigated [20] [21] [22] [23] [24] [25] [26] [27] . Recently, a superradiant pulse from the strontium clock transition with a fractional Allan deviation of 6.7(1) × 10 −16 at 1 s has been realized [27] . In our lab, a continuous-wave cesium (Cs) 1470 nm bad-cavity laser with the linewidth of 149 Hz [28] , which is much narrower than the 1.81 MHz natural linewidth of 1470 nm transition [29] , has been achieved. However, without any cavity-length stabilization, the linewidth of 1470 nm laser is still influenced by the residual cavity-pulling effect, which limits the applications of the AOCs as a high-precision frequency standard.
For further reducing the residual cavity-pulling effect in Cs four-level AOC and to achieve a continuous active optical frequency standard with high performances, we have proposed the 1064/1470 nm dual-wavelength (DW) good-bad cavity AOC, which is described in [28, 30, 31] . The idea of DW-AOC is to make the good-cavity laser and the bad-cavity laser share a single main-cavity, and the residual cavity-pulling effect of the bad-cavity laser can be effectively suppressed by stabilizing the cavity length with the good-cavity laser, due to the fact that the bad-cavity laser is insensitive to the cavity-puling effect. The core part, the DW good-bad-cavity system, has recently been realized in [28] , and the performance of the 1064/1470 nm DW-lasers was also analyzed. However, even previous works experimentally proved that the 1470 nm bad-cavity laser has the advantage of the suppression of the cavitypulling effect, the analysis shown that the residual cavity-pulling effect was still not negligible, which will affect the output linewidth of the 1470 nm laser. If the residual cavity-pulling effect cannot be effectively suppressed, it is hard to analyze and then suppress the other technical noises of DW-AOC system in experiments, which affects the optimization of the system and limit its applications.
In this paper, we focus on the experimental realization of the phase locking and the performance optimization in the DW good-bad-cavity laser systems, to suppress the residual cavity-pulling effect, which is a necessary step moving towards the cavity-stabilized AOCs. We built two independent DW systems and locked the two cavities together by phase locking technique [32] [33] [34] [35] [36] [37] of 1064 nm good-cavity lasers, which can synchronize the cavity-lengths change between two DW-AOCs. It is aimed at eliminating the impact of the common-mode noise, which is caused by the asynchronous lengths variation of two independent maincavities of DW-AOCs, on the beating linewidth of the 1470 nm bad-cavity lasers. Four key techniques are exploited in this work. First, we improve the performance of the pumping laser by the narrow-linewidth interference filter configuration external cavity diode laser (IF-ECDL), whose linewhidth is smaller than 20 kHz. Second, the modulation transition spectroscopy (MTS) technique is exploited to further optimaize the frequency stability of the 459 nm pumping laser. Then, the optical phase-locked loop (OPLL) technique is used to achieve the phase locking of 1064 nm lasers, together with a divider to increase the robustness of the 1064nm beating signal to the influence of external noises. Finally, the Cs microwave atomic clock is used as the reference source to improve the tracking accuracy between two main-cavities of DW systems.
The experiment results show that, the beating linewidth of 1064 nm good-cavity lasers is narrower than 1 Hz after phase locking, which is limited by the resolution bandwidth (RBW) of the spectrum analyzer. Furthermore, the fractional frequency stability of the offset frequency of 1064 nm lasers is measured by a frequency counter and calculated by the Allan deviation, which indicates that the tracking accuracy between two DW systems is better than 3 × 10 −16 at 1 s, and can reach 1 × 10 −17 at 1000 s. The most probable linewidth of each 1470 nm bad-cavity laser is narrowed from 223 Hz to 53 Hz after cavity-length stabilization. The causal analysis and optimization methods are also performed.
This paper is organized as follows: In Section 2, the experimental setup and the phase locking process are introduced. Section 3 gives the experimental results and the analysis of the experiment, and the conclusion is drawn in Section 4.
Experiment

Wavelengths choice of DW lasers
Before we begin to our practical experiment, we first give the explanation of why the 1470 nm and the 1064 nm are chosen to be the wavelengths of the bad-and good-cavity lasers, respectively.
In general, the atomic energy level of the Cs four-level AOC is shown in Fig. 1(a) . The pumping and lasing process of the four-level system can be described as follows:
First, the Cs atoms are pumped from the 6S In this work, we choose the 7S 1/2 − 6P 3/2 transition as the clock transition instead of the others, which corresponds to the 1470 nm laser. The reasons are given below:
For the 5D 3/2 −6P 3/2 and 5D 3/2 −6P 1/2 transitions, the wavelengths of the these transitions are 3614 nm and 3011 nm, respectively. The frequencies of these two transition lasers are both smaller than that of the 1470 nm transition, which limits their superiorities in optical frequency standards. For the 7S 1/2 − 6P 1/2 transition, the wavelength of this transitions is 1359 nm. It seems that this transition can also be used as the clock transition, so we have also experimentally realized it and the relation between the temperature of the Cs atomic vapor cell and the power of output lasers is also given in Fig. 1 (b). It can be seen that, compared to the 1470 nm laser, the 1359 nm laser requires higher temperature of the atomic gain medium to obtain its optimal output power, which will inevitably introduce greater collision shift. Therefore, this transition is not the best choice in our system either. In summary, we finally chose the 1470 nm as the clock transition laser, namely, the bad-cavity laser.
As for the wavelength choice of good-cavity laser, we calculate that one of the magic wavelengths of the 7S 1/2 − 6P 3/2 1470 nm transition is 1030 nm [38] , which is very close to the wavelength of the good-cavity laser, namely, 1064 nm. Thus we choose the Nd: YAG structure to generate the good-cavity signal, avoiding the influence of the light shift caused by the good-cavity laser to the 1470 nm clock transition laser. The beam intensity of the 1064 nm good-cavity laser inside the cavity is 17.8 mW/mm 2 , and we calculated the light shift of the 1470 nm laser induced by the 1064 nm laser, being 9.62 Hz. Also, the Allan deviation of the 1064 nm laser power is 3 × 10 −5 at 1 s in our experiment. Therefore, the linewidth broadening of the 1470 nm bad-cavity laser caused by the light shift of the 1064 nm laser is smaller than 0.3 mHz, which is negligible. Moreover, we also experimentally observed that the center frequency of the 1470 nm beat-note signal hardly varies with the power fluctuation of the 1064 nm laser, which verifies our theoretical analysis. Therefore, we chose the 1064 nm as the good-cavity laser.
Experimental setup and the phase locking process
The block diagram in Fig. 2 shows the experimental setup of the heterodyne OPLL between two DW-AOCs. For simplicity, we divide our experimental setup into four parts, in which the red boxes (I, II) denote two identical DW laser systems, the green box (III) denoting the beat detection unit of the systems, and the blue box (IV) denoting the phase locking part of our experiment. In the I and II parts, we build two identical DW systems for analyzing the characteristics of the DW signals by optical heterodyne. The Nd:YAG 1064 nm laser and the Cs 1470 nm laser share a single main-cavity of the DW-AOC and work in the good-and bad-cavity regime by designing cavity-mirrors coating for specific reflectivity at four wavelengths (808 nm, 1064 nm, 459 nm, 1470 nm). The Γ cavity and the Γ gain of the 1064 nm good-cavity laser are 100 MHz and 132 GHz respectively, while that of the 1470 nm bad-cavity laser are 288 MHz and 10 MHz, which means that the impact of the cavity-length noise on the 1470 nm laser can be, in principle, reduced by 1/29 compared with the unity for the 1064 nm laser. A 459 nm IF-ECDL, which is stabilized by the MTS technique, pumps the Cs atoms to generate the 1470 nm clock transition laser. The Cs atomic vapor cells are heated to 90 o C for increasing the atomic density. Meanwhile, the 808 nm continuous-wave diode laser focus on the Nd:YAG crystal to output the 1064 nm good-cavity laser. Consequently, a single-mode 1064 nm and 1470 nm DW lasers generated from the same cavity simultaneously, and separately work in good-and bad-cavity regime. By observing the center-frequency movement of beat-note signals of 1470 nm lasers and 1064 nm lasers when tuning the piezoelectric ceramics (PZT) of one of the main-cavities, the bad-cavity coefficient of the DW-AOC is measured with uncertainties, as shown in Fig. 3 . We find that the measured data can fit the linear model well. Considering the uncertainty of the measurement results, we obtain the measured badcavity coefficient of the DW-AOC is in the interval a ∈ (26.548 − 1.713, 26.548 + 1.907). It means that the frequency detuning of the 1064 nm good-cavity laser changed exactly with the cavity mode, while for the 1470 nm bad-cavity laser, the cavity-pulling effect is suppressed to a large extent. In the III part, the 1064/1470 nm DW lasers output from each main-cavity are separated through a DM, and then the two 1064 nm beams and two 1470 nm beams are respectively overlapped for optical heterodyning. The beat-note signal of 1470 nm bad-cavity lasers is led to a spectrum analyzer (Agilent N9020A) to measure its linewidth. The beat-note signal of 1064 nm good-cavity lasers is divided into two parts through a directional coupler (TC-2080-10S). One part is sent to the frequency counter (Agilent 53220 A) to record the variation of frequency difference of 1064 nm lasers. The other part is used in the heterodyne OPLL to stabilize the frequency difference of 1064 nm lasers to the reference frequency standard.
MTS
In the IV part, we use the OPLL technique [39, 40] to synchronize the cavity-lengths change of two DW systems. In order to maintain a stable frequency offset, firstly, the beating signal is detected by the fiber coupled photodetector (PD, Thorlabs PDA8GS), and then pass through an amplifier (RF BAY, Inc. LNA-8G). Next, the amplified heterodyne beat note is imported into the offset phase lock servo (Vescent D2-135), which includes a divider, a phasefrequency detector (PFD) and a loop filter. Then, the beat note is divided by N=64 and sent to the PFD for comparing the phase and frequency of the divided-by-N beat signal with an external reference frequency. The fractional frequency stability of the reference follows that of the Cs microwave atomic clock, which is 3 × 10 −12 at 1 s. By changing either the frequency of external reference or the PZT of one main-cavity, the frequency difference of 1064 nm good-cavity lasers can be precisely controlled. The PFD acts as a frequency comparator and outputs a phase lock error signal. The error signal is depicted in Fig. 4 , which is proportional to the phase difference between the beat note and the external reference. The inset of Fig. 4 is the error signal after phase locking. Finally, the error signal is fed back to the PZT of one main-cavity through proportional-integral-differential (PID) loop filter, and the synchronous change of the cavity lengths between two DW-AOCs is realized.
Note that the main-cavity of DW-AOC can also be locked to an external 1064 nm optical frequency standard [41, 42] , which can further optimize the performance of the 1470 nm clock transition laser. 
Results and discussions
Experimental results
For simplicity, the two 1064 nm good-cavity lasers is called the master laser (ML) and the slave laser (SL), respectively. The offset frequency between the two free-running 1064 nm lasers is tunable in the range of 1-9 GHz by adjusting the temperature of each Nd:YAG crystal. The 1064 nm lasers work in the single-mode operation by setting the 808 nm pump powers, cavity lengths and crystal temperatures at appropriate values. The wavelengths of the ML and the SL versus their respective crystal temperature are shown in Fig. 5(a) . The two 1064 nm good-cavity lasers are both operated in mode-hop-free temperature range. The 808 nm pump power of the ML and the SL are separately set at 1.52 W and 1.60 W. The crystal temperature of the SL is controlled at 24.78 o C, and the temperature control precision of the Nd:YAG crystal is better than 0.01 o C. Figure 5 (b) depicts that the frequency difference of the two 1064 nm lasers changes with the crystal temperature of the ML. To obtain a stable single-mode characteristic of the 1064 nm lasers, the crystal temperatures of the ML and the SL are finally stabilized at 24.74 o C and 24.78 o C. As for phase locking, the servo out signal of the phase locking loop is led to the PZT driver of the SL to sweep its cavity length, aiming at obtaining an error signal with a steep slope. Setting the frequency divider to N=64 (to increase the lock time), external reference (sinusoidal signal; amplitude 12 dBm), without ramp, the frequency difference of the 1064 nm lasers is close to the reference frequency by adjusting the PZT driver of the SL or the external reference frequency. We adjust the gain and the PID parameters of the phase locking loop to improve the performance of the feedback. The first step is to optimize the gain. Tuning the gain to minimize the RMS noise on the error signal in oscilloscope, and we can further fine-tune the gain by minimizing the beating linewidth in the spectrum analyzer. Figure 6 depicts the spectra of the beat note acquired before and after phase locking, and the inset of Fig. 6 represents the free running case. The frequency of the beat-note signal drifts about 135 kHz in 1 s without phase locking, and the whole band drifts over 6 MHz on a longer time scale. The frequency drift is stopped after phase locking and replaced by a narrow beating linewidth. The next step is to optimize the PID parameters. The PZT bandwidth of each cavity is 50 kHz without load, and the maximum dilation of each PZT is 3 µm. The fractional frequency stability of the 1064 nm beat signal is measured in different offset lock. According to the experimental results, we finally set ω I at 4 kHz, ω D at 125 kHz and ω HF in the off position. The ω I , ω D and ω HF represent the frequency where the gain switches from having integral gain to having proportional gain, the gain switches from proportional to differential and the gain begins to fall off at high frequency, respectively. After improving the feedback of the OPLL, the servo output voltage is sent to the PZT of the SL. Figure 7 (a) shows a beat-note spectrum of 1064 nm lasers after phase locking. The span and the resolution bandwidth (RBW) are 30 Hz and 1 Hz separately. The Lorentz fitting linewidth of the beat-note signal is 1 Hz, which is limited by the 1 Hz RBW of the spectrum analyzer (Agilent N9020A). To increases the resolution, the frequency stability of the beat-note signal is simultaneously recorded by a frequency counter. As shown in Fig. 7(b) , the Allan deviation is calculated as a function of the gate time τ of the counter (τ= 0.01s). It depicts that the frequency tracking accuracy between the two main-cavities of DW-AOCs is 3 × 10 −16 at 1 s, and can reach 1 × 10 −17 at 1000 s. We note that, limited by the temperature-controlling technology, the mode hopping of the 1064 nm laser occurs after the phase-locking time was up to 3 hours. Therefore the Allan deviation reaches a floor at 1000 s. The long-term stability of the 1064 nm beating signal can be optimized by improving the precision of the temperature control of the main-cavity of the DW-AOCs. Fig. 8 (a) and 8(c) are the typical beat-note spectra of 1470 nm bad-cavity lasers before and after phase locking. The RBW of Fig. 8(a) and 8(c) are set to be 300 Hz and 62 Hz. The RBW in these two cases are different, since the beat-note signal is still affected by the residual cavity-pulling effect before cavity-length stabilization. If we rescale the RBW, making it smaller, to measure the 1470 nm beat-note signal before phase locking, the span of the measurement will also becoming smaller. This will lead to the fact that it is difficult to flatten the two sides of the fitting line, and also result in missing data points at distant locations on both sides of the beating signal. It is hard to fit the data well with the Lorentz line shape. For this reason, we chose an appropriate RBW value, namely, RBW = 300, to measure the linewidth of the 1470 nm beating signal before phase locking. The Lorentz fitting linewidths of the power spectrum of the 1470 nm beat-note signal in Fig. 8(a) and 8(c) are respectively 300 ± 30.1 Hz and 75 ± 8.7 Hz.
It should note that in order to increase the coincidence between the fitting and the beating data, we fit the bottom and waist data of the Lorentzian coincide with that of the power spectrum of the 1470 nm beat-note signal as much as possible. These fittings can be treated as a Lorentzian whose center frequency is distributed randomly. The data, whose absolute value of frequency detuning are greater than 4 kHz (2 kHz) in Fig. 8(a) (8(c) ), are fitted with a Lorentzian to determine the instantaneous linewidth, which indicates the white noise level. The data, whose absolute value of frequency detuning are less than 4 kHz (2 kHz) in Fig. 8 (a) (8(c)), are influenced by the technical frequency noise. This method is also described and applied in [20] . In Fig. 8 (b) and 8(d), we obtain the linewidth distributions of the 1470 nm beat-note spectra before and after phase locking, separately, and each case contains 80 sets of data measured at different time. The most probable beating linewidth of the 1470 nm lasers are, respectively, 316 Hz and 75 Hz, which indicates that the linewidth of each 1470 nm clock transition laser is narrowed from 223 Hz to 53 Hz by assuming that each laser contributes equally to the linewidth measurements. It shows that the cavity-length stabilization has a four-fold narrowing effect on the beating linewidth of the 1470 nm lasers.
It should note that, in our paper, only the linewidth is given to quantify the instantaneous stability of the 1470 nm lasers. However, the better way of quantifying the relative stability is the Allan deviation. Since there still exists the technical noises, especially the temperature drift of the Cs atoms in long timescales, effecting the long-term stability of the 1470 nm laser, we cannot give a good result of the Allan deviation in the current work. We leave the optimization of the long-term stability for future investigations.
Limitation factors of DW-AOC
The common-mode noise originates from asynchronous cavity-lengths change of the two DWAOCs is further suppressed by utilizing the phase locking technique of 1064 nm lasers. The beating linewidth of the 1470 nm bad-cavity lasers is expected to be much smaller than that of the 1064 nm good-cavity lasers after phase locking, because of the suppressed cavity-pulling effect in bad-cavity regime. However, the beating linewidth of the 1470 nm lasers is not minimized obviously, because it is still limited by other factors.
(1) Power stability of the 459 nm pumping laser In experiment, we noticed that the linewidth of the 1470 nm laser is indeed influenced by power stability of the pumping laser. To further evaluate the influence of the power stability of the pumping laser on the linewidth of the 1470 nm laser, we measured the central-frequency of the 1470 nm beat-note signal varying with the power of the 459 nm laser power, and the results are shown in Fig. 9 .
It can be seen that an approximately linear relationship can be obtained, with a slope of -36.1 ± 0.94 kHz/mW. The Allan deviation of the 459 nm laser power is 1.28×10 −4 at 1 s, and the pumping power is about 10 mW, which means that the linewidth broadening caused by the • C after cavity-length stabilization. Also, we measured the temperature of the Cs atomic vapor cell varies slowly in our system, which is, typically, below 0.1 mK in short timescales. It indicates that the impact of the atomic temperature fluctuation on the short-term stability of the 1470 nm clock-transition laser is negligible. However, in long timescales, the effect of the temperature-fluctuation on the longterm relative frequency stability of the 1470 nm clock transition laser is indeed an issue needed to be solved. To further reduce the influence of temperature-fluctuation on the long-term stability of the 1470 nm laser, our next work will put the main-cavity of the DW-AOC into a vacuum chamber.
(3) The change of the external magnetic field To evaluate the impact of the magnetic-field change on the 1470 nm laser, we have measured the frequency drift of the 1470 nm beat-note signal by applying an external magnetic field to one of the systems. The central frequency of the beating signal changes linearly with the magnetic field, with a factor of about 600 kHz/G. Considering the magnetic shielding of the system, we estimate the linewidth broadening caused by the fluctuation of the external magnetic field is a few Hz, and it will be reduced greatly by designing a better magnetic shielding.
In summary, for the instantaneous stability, the power fluctuation of the 459 nm pumping laser is the main factor resulting in the linewidth broadening of the 1470 nm laser after cavitylength stabilization in the current system. The influence of the atomic temperature change and the fluctuation of the residual magnetic field inside the cavity are relatively small. With better power stabilization of the 459 nm laser and the improvement of the temperature precision, we expect the laser linewidth to be narrowed at least one order of magnitude. However, we also note that above factors, especially the temperature drift of the Cs atomic vapor cell, and other unexpected technique noise will contribute to the long-term instability of the system. Therefore, the optimization of the above technologies is also beneficial to the long-term stability of the system.
Conclusion
In this study, we build two DW-AOCs to analyze the linewidth characteristic of the 1064/1470 nm DW signals by optical heterodyning. Through phase locking between two independent 1064 nm good-cavity lasers, the common-mode noise caused by the asynchronous cavitylengths change between two DW systems is suppressed. Therefore, the beating linewidth of 1470 nm bad-cavity lasers will also be narrowed after phase locking, considering that the DW lasers share a single cavity. The tracking accuracy of the two main-cavities of DW-AOCs is 3 × 10 −16 at 1 s, and can reach 1 × 10 −17 at 1000 s. The most probable linewidth of each 1470 nm bad-cavity laser is narrowed to 53 Hz after cavity-length stabilization. Based on this system, the influence of the limiting factors from the cavity-length noise on the performance of the AOC has been well solved. Therefore, it provides an important research platform to investigate the effects coming from the atomic ensemble, such as the the light shift, collision shift and hyperfine energy splitting, on the Cs four-level AOC. Currently, the frequency stability of the 1470 nm clock transition laser is still limited by the power stability of the 459 nm pump lasers, the temperatures fluctuation of the Cs cells and the fluctuation of the residual magnetic field. If the above problems are solved, the linewith of the 1470 nm laser is expected to be at least one order of magnitude narrower than that of the present results, which would be of great relevance for quantum metrology and new applications in fundamental and applied science, such as the study of fundamental constant variations and relativistic geodesy.
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